e core collapse of a massive star results in the formation of a proto-neutron star (PNS). If enough material is accreted onto a PNS it will become gravitationally unstable and further collapse into a black-hole (BH). We perform a systematic study of failing core-collapse supernovae in spherical symmetry for a wide range of presupernova progenitor stars and equations of state (EOSs) of nuclear ma er. We analyze how variations in progenitor structure and the EOS of dense ma er above nuclear saturation density a ect the PNS evolution and subsequent BH formation. Comparisons of core-collapse for a given progenitor star and di erent EOSs show that the path traced by the PNS in mass-entropy phase space M PNS grav −s is well correlated with the progenitor compactness and almost EOS independent, apart from the nal endpoint. Furthermore, BH formation occurs, to a very good approximation, soon a er the PNS overcomes the maximum gravitational mass supported by a hot NS with constant entropy equal tos.
1. INTRODUCTION e existence of stellar mass black-holes (BHs) has long been inferred from observations of X-ray transients (Kubota et al. 1998; Esin et al. 1998; Belczynski et al. 2012; Wiktorowicz et al. 2013) and has recently been boosted by multiple gravitational wave (GW) detections of binary BH mergers (Abbo et al. 2019a ). e most likely channels in which these BHs form involve the core collapse of massive stars with zero-age main sequence (ZAMS) masses in the range 10 M M ZAMS 100 M (Burrows 1988; O'Connor & O 2011) . ese massive stars may form binary BH systems when found in dense stellar systems (Portegies Zwart & McMillan 2000; Rodriguez et al. 2015) or when they have low metallicities and share a common envelope evolution (Belczynski et al. 2016; Mandel & de Mink 2016; Stevenson et al. 2017; Vitale et al. 2017 ). e overall picture of how these stellar mass BHs come to be is well understood, even if some of the details are still not. At the end of their nuclear fusion cycle, the electron-degenerate iron core of massive stars grows in mass from the ash of the silicon shell burning happening just outside the core. When it surpasses the e ective Chandrasekhar mass, which not only depends on the electron fraction of the core but also its thermal structure (Woosley et al. 2002) , the gravitational force becomes too strong to resist and the core collapses. During collapse, stellar core density increases by several orders of magnitude until nuclear densities are reached. At this stage, the equation of state (EOS) sti ens, core collapse momentarily halts forming a proto-neutron star (PNS) and sending a shock wave through the still infalling outer core. As the shock propagates it loses momentum and stalls due to photodissociation of heavy nuclei and neutrino losses (Colgate & White 1966; Bethe & Wilson 1985; Bethe 1990) . Neutrino heating and other processes may revive the shock and unbind the stellar mantle resulting in a core-collapse supernova (CCSN) (Janka 2001 (Janka , 2012 O et al. 2018 ). If the shock is not revived, or even if it is but not enough material is unbound, fallback accretion onto the PNS occurs until the repulsive nuclear forces cannot prevent another gravitational instability and the PNS collapses into a stellar-mass BH (Burrows 1986 (Burrows , 1988 O'Connor & O 2011). e mechanisms by which CCSNe occur, their explosion energy and ejected mass, if any, all depends on yet poorly S .
constrained details of the equation of state (EOS) of dense ma er (La imer 1981; Swesty et al. 1994; La imer & Prakash 2000; Hempel et al. 2012) . For a given progenitor even small changes in the EOS (Schneider et al. 2019a) or neutrino transport (Melson et al. 2015; Burrows et al. 2018 ) may dictate whether a successful or failed supernova occurs. us, accurate predictions of the outcome of CCSNe can be quite di cult. Multidimensional simulations predict a variety of CCSN outcomes that include successful and failed explosions which, in the former, can lead to the formation of a NS or a BH (Janka 2012; Burrows et al. 2018; O et al. 2018; O'Connor et al. 2018; Pan et al. 2018; Obergaulinger & Aloy 2019; Burrows et al. 2020 ). However, because successful explosions depend on multidimensional physics, explosions in spherically symmetric simulations only occur for the lightest core-collapse progenitors, M 10 M (Kitaura et al. 2006; Fischer et al. 2010) ; or by arti cially enhancing neutrino cross reaction rates (Fischer et al. 2010 Martínez-Pinedo et al. 2012) , arti cially driving PNS contraction (Ugliano et al. 2012; Ertl et al. 2016) , or including approximate schemes to emulate multi-dimensional e ects . Because our main interest is on PNS collapse into a BH, we limit our simulations to spherical symmetry without facilitating explosions.
In the current study we build upon the work of O' Connor & O (2011) , which studied EOS e ects in the failed collapse of 106 pre-SNe progenitor stars and 4 di erent EOSs. Here, we perform simulations of failed CCSNe using 49 EOSs from Schneider et al. (2019a) and 51 supernova progenitors selected from the works of Woosley et al. (2002) , Woosley & Heger (2007) , and Sukhbold et al. (2018) . By performing a systematic study of failed CCSNe we are able to significantly improve upon our understanding of how di erent features of the EOS a ect PNS evolution until the moment of BH formation. Works by Hempel et al. (2012) ; Yasin et al. (2018) ; Schneider et al. (2019a) hint that the temperature dependence of the EOS may be the main source of uncertainty in the outcome of CCSNe. Particularly, Hempel et al. (2012) ; Steiner et al. (2013) found, studying the collapse of a single pre-SN progenitor and 7 di erent EOSs, that the time for BH formation during a failed core-collapse and its initial gravitational mass is proportional to the maximum gravitational mass supported by a NS with constant entropy s = 4 k B baryon −1 . From our set of simulations we are able to explain the results seen in many previous works of the relations between the EOS of dense ma er and progenitor structure and BH formation, including Sumiyoshi et al. (2009); O'Connor & O (2011) ; Nakazato et al. (2012) ; Hempel et al. (2012) ; Steiner et al. (2013) ; Char et al. (2015) ; Pan et al. (2018) . Furthermore, we show that some characteristics of failed core-collapse are mostly progenitor dependent, i.e., almost EOS independent, while others depend as much on the zero-temperature EOS as on its nite-temperature components.
is work is structured as follows. In Sec. 2 we discuss the pre-supernova progenitor stars, the EOSs, and the setup of our simulations. We perform the bulk of our simulations using a general relativistic e ective potential (GREP) . us, to test the accuracy of this approach we compare BH formation scenarios using a GREP to full general relativistic calculations in Sec. 3. Results of our simulations and insight gained from them are discussed in Sec. 4. We conclude in Sec. 5.
MODEL 2.1. Progenitors
In our study, we perform core collapse simulations for 51 di erent progenitor stars and analyze PNS evolution up to the point of BH formation. For our main results, we analyze six progenitors stars compiled from Woosley et al. (2002) and Woosley & Heger (2007) and listed in Table 1 . ese progenitors cover a wide range of compactnesses 0.2 ξ 2.5 0.9 as de ned by O'Connor & O (2011) ,
e compactness ξ M of a pre-SN progenitor star is, to rst order, connected to the time it takes for the coordinate mass M to be accreted by a newly formed PNS (O'Connor & O 2011) . us, ξ M is also a good indicator of the time for the PNS to collapse into a BH provided we set M M PNS max , where M PNS max is the maximum mass that can be supported by the PNS. Following O' Connor & O (2011) , we take M = 2.5M . e compactness, ξ 2.5 , may be computed at di erent times during the stellar evolution. While we use the values from pre-SN progenitors at the start of collapse, t 0 = 0, so that the values are independent of the EOS used to simulate the core collapse, O'Connor & O (2011) compute ξ 2.5 at the moment of core bounce, t = t bounce and, thus, their values are sensitive to the EOS. erefore, the values quoted here for ξ 2.5 may di er from the ones of O' Connor & O (2011) for the same progenitor. ese di erences become larger the more compact the progenitor is.
We simulate the collapse of the six progenitor stars of Woosley et al. (2002) and Woosley & Heger (2007) using 49 unique EOSs of Schneider et al. (2019a) , discussed below. Furthermore, we add to our analysis data from the corecollapse of 45 progenitors from Sukhbold et al. (2018) that were produced with a reduced (to 1/10 of the default value) mass loss rate and ZAMS masses in the range of 16 M ≤ M ≤ 60 M in increments of 1 M . ese pre-SN progenitors cover compactness in the range 0.15 ξ 2.5 0.65. For the simulations performed with these 45 progenitors we use a single EOS. ese simulations are run to test the insights gained from the simulations using the six progenitors in Table 1 with many di erent EOSs and to test the impact of the e ective gravitational potential on BH formation properties.
e density pro les of the pre-SN progenitor stars are shown in Figure 1 .
We focus on PNS evolution as a function of compactness due to our main interest lying in failed CCSNe and BH formation. Ertl et al. (2016) ; Ebinger et al. (2018) have shown that one characteristic parameter of the pre-SN progeni- Table 1 ) and 45 models of Sukhbold et al. (2018) with masses between 16-M and 60-M (right). tor star, such as the compactness, is not enough to address which progenitors lead to successful or failed CCSNe explosions. In fact, as we show in Section 4.3, stars with very similar compactnesses may have quite di erent accretion histories and, thus, particular likelihoods of leading to a successful explosion that depend on their structures.
Equations of State
For each of the progenitors from Woosley et al. (2002) and Woosley & Heger (2007) we run simulations using 49 unique EOSs from Schneider et al. (2019a) computed using the open-source code SROEOS of Schneider et al. (2017) .
ese EOSs consider only nucleons (protons and neutrons) in the nuclear sector. Nuclear ma er is assumed to be in thermal equilibrium with a background gas of photons, electrons, and positrons, and to be locally charge neutral. Starting from a baseline Skyrme-type EOS which agrees with current nuclear physics constraints (Margueron et al. 2018; Danielewicz 2002) , see Table 2 , Schneider et al. (2019a) con-structed four sets of EOSs that vary in at most two experimentally accessible physical parameters: (1) set s M varied the e ective mass of nucleons; (2) set s S varied the symmetry energy of nuclear ma er and its slope; (3) set s K varied the incompressibility of symmetric nuclear ma er (SNM) and pure neutron ma er (PNM); and (4) set s P varied the pressure of SNM and PNM according to constraints of Danielewicz (2002) .
In this work we focus on two EOS sets, s M and s P . Set s M allows variations in the e ective masses of SNM at nuclear saturation density, m = m n (n = n sat , y = 1/2) m p (n sat , 1/2), and the e ective-mass spli ing for PNM, ∆m = m n (n sat , 0) − m p (n sat , 0). Here n is the baryon density, n sat = 0.155 fm −3 the saturation density, and y the proton fraction, i.e., the ratio of protons to nucleons. In Skyrme-type models, the e ective mass is computed from
where α i are parameters of the model, m t and n t are, respectively, the vacuum mass and the number density of nucleon of type t. If t = n then −t = p and vice versa. ese EOSs were constructed such that all EOSs in set s M have very similar zero-temperature components regardless of choice for m and ∆m . e nite-temperature component of the EOS, on the other hand, is sensitive to the e ective masses of nucleons (Prakash et al. 1997; Steiner et al. 2013; Constantinou et al. 2014 ) and, thus, di ers amongst EOSs in set s M . e second set analyzed, s P , allows variations in the pressure of zero-temperature SNM and PNM at 4n sat based on constraints by Danielewicz (2002) . e range of pressures allowed at n = 4n sat is such that all EOSs can produce cold non-rotating beta-equilibrated neutron stars (NSs) with gravitational mass M grav ≥ 2 M . We stress that all EOSs in set s P have the same e ective masses and, therefore, have the same contributions from the thermal component of the EOS. In sets s M and s P the e ective masses and pressures at n = 4n sat can, respectively, vary from the baseline EOS values by 0, ±1 and ±2-σ from their average values, see Table 2 . us, each set contains 25 EOSs with the baseline EOS being present in both sets. Figure 2 . Mass-radius relationship for our baseline EOS and the so est and sti est EOSs in set sP . Also plo ed are observational constraints from the LIGO-Virgo detection of GW170817 (Abbo et al. 2019b) , the 2.01 ± 0.04 M mass of PSR J0348+0432 as measured by Antoniadis et al. (2013) , and the mass-radius of PSR J0030+0451 from the NICER collaboration (Miller et al. 2019) . Different shades in the GW170817 data and the contour lines of the PSR J0030+0451 data denote the 50%, 68%, and 95% con dence intervals of the observations. We focused on these two sets as variations in the e ective mass (pressure) keeping pressure (e ective mass) constant probe how core collapse and BH formation are a ected by thermal (non-thermal) components of the EOS (Yasin et al. 2018; Schneider et al. 2019a,b) . O en, EOSs are discussed in terms of their so ness/sti ness. Here we make a distinction between what it means for an EOS to be so or sti depending on the set we are referring to. Since for set s M the zero temperature component of the EOS is very similar for all EOSs in the set, we refer to the sti est EOS to be the one where the pressure rises the fastest with increasing temperature. Meanwhile, for set s P the temperature component of all EOSs is the same and, therefore, we refer to the sti est EOS to be the one where the pressure rises the fastest with increasing density. e NS mass-radius relationship for our baseline EOS as well as the so est and the sti est zero-temperature EOSs in set s P are shown in Figure 2. By construction all EOSs in set s M show very similar mass-radius curves (Schneider et al. 2019a ). Finally, in order for all EOSs to have the same low density behavior, they are joined to an EOS of 3 335 nuclei in nuclear statistical equilibrium (NSE) at a transition density of n tr = 10 −3 fm −3 with width n δ = 0.33 (Schneider et al. 2017 ).
F
Simulation Setup For our set of progenitors and EOSs we perform spherically symmetric core-collapse simulations using the F simulation framework (Fryxell et al. 2000; Dubey et al. 2009 ). We use a similar F setup to that of O'Connor et al. (2018) and Couch et al. (2019) . We review some general features of F here and point to references that contain further details about the code and systems of equations solved. In the Table 2 . Nuclear ma er properties of our baseline EOS from constraints of Margueron et al. (2018 ), Nä ilä et al. (2016 , and Danielewicz (2002) and references therein, see Schneider et al. (2019a) simulations, gravity is treated using an approximate general relativistic e ective potential (Marek et al. 2006; O'Connor & Couch 2018a,b) . e equations of motion of the system are solved using a newly-implemented hydrodynamics solver Couch 2019) while neutrino transport is computed using the so-called "M1" transport (Shibata et al. 2011; Cardall et al. 2013; O'Connor 2015; O'Connor & Couch 2018a,b) . Both the hydrodynamics and the radiation transport share a common time step that is set by the lightcrossing time of the smallest grid zone and a Courant factor. We use a spherical grid with adaptive mesh re nement (AMR) for our simulations that extends out to 2 × 10 9 cm. On the coarsest level there are 320 grid zones with a length of 62.5 km. We allow up to 10 total levels of re nement resulting in a smallest grid zone with a length of 122 m. is small grid zone length improves modeling of the high density region near BH formation time. We use a Courant factor of 0.8 that results in a hydrodynamic time step of 0.3 × 10 −6 s. We do two radiation substeps per hydrodynamic step and, therefore, the e ective CFL factor for the radiation substeps is 0.4. We re ne based on a combination of the second spatial derivatives of the density and pressure.
Neutrino-ma er interactions that couple neutrino transport to the core-collapse hydrodynamics are computed using the N L library (O'Connor 2015) . We consider the same neutrino-ma er interactions as O'Connor (2015); Schneider et al. (2019a) and reproduced in Table 3 for completeness. For each EOS table, a consistent set of neutrino opacities is generated using N L . We use 18 logarithmically spaced energy groups, with a highest-energy bin of 250 MeV.
3. GR VS. GREP In the FLASH code, gravity is included in the hydrodynamic equations using an e ective gravitational potential, Table 3 . List of neutrino reactions included in simulations. Interactions taken from NuLib (O'Connor 2015) and modeled o of Bruenn (1985) ; Burrows et al. (2006) with corrections from Horowitz (2002) . Interactions with ν are avor insensitive, while interactions with νi are avor sensitive. νx denotes heavy-lepton neutrinos while N denotes a nucleon (either neutron or proton) and A Z X a speci c element with Z protons and mass number A.
ermal processes are included via an e ective emissivity (O'Connor 2015) .
Production
Charged-current interactions ermal Processes
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Φ eff , that approximates general relativistic (GR) e ects via the "Case A" formalism of Marek et al. (2006) . is formalism has never been rigorously tested in the regime of BH formation and, therefore, we do that here. A er the original proposal by Rampp & Janka (2002) , the GREP was improved by Marek et al. (2006) who tested several empirical modi cations to the standard TOV potential in order to nd one that reduced discrepancies in the early evolution of a 15 M progenitor model of Woosley & Weaver (1995) when compared to full GR calculations with the C C N T (Dimmelmeier et al. 2002a (Dimmelmeier et al. ,b, 2005 and the A B T codes (Liebendörfer et al. 2001 (Liebendörfer et al. , 2002 (Liebendörfer et al. , 2004 (Liebendörfer et al. , 2005 . For the simulated collapse, Marek et al. (2006) found that the best suited modi cation was their "Case A", where a factor of Γ was introduced in the integrand of the TOV mass equation. e "Case A" GREP equations are given here for reference,
Here, P is the ma er pressure, p ν is the neutrino pressure, ρ is the rest-mass density, e is the internal energy density, and c is the speed of light. e e ective TOV mass is given by,
where E is the neutrino energy density, v is the uid velocity, F is the neutrino ux, and the metric function Γ is given by
In Equation (4), we highlight in bold the additional factor of Γ which is not present in the standard TOV equations. In what follows, we ignore the term proportional to vF as its contribution to core-collapse dynamics is negligible, vF E. is change, as motivated by Marek et al. (2006) , reduces the TOV mass, m TOV , in the potential, since Γ < 1.
is compensates for the lack of distinction between the proper volume and the coordinate volume that acts to overestimate m TOV . e "Case A" e ective potential is used throughout the literature for including e ective general relativistic gravity in Newtonian hydrodynamic simulations. is includes several BH formation studies (Hüdepohl 2014; Pan et al. 2018; Walk et al. 2019) . While there has been comparisons to published literature simulations in select cases (Hüdepohl 2014; O'Connor et al. 2018) , the "Case A" e ective potential has never been systematically tested against fully general relativistic simulations for BH formation. Since we focus on BH formation, in this section we systematically compare core-collapse evolutions for many progenitors from Sukhbold et al. (2018) 1 with di erent compactnesses using the general-relativistic radiation-hydrodynamics code GR1D (O'Connor & O 2010; O'Connor 2015) and the FLASH code using the modi ed TOV e ective potential. In the GR1D runs we use the same baseline EOS (Section 2.2) and the same N L table generated with paramters described in Section 2.3. e computational grid in GR1D is set to have 700 grid cells, constant cell size of 200 m out to a radius of 20 km, and then geometrically increasing cell size to an outer radius where the baryonic density is 2 × 10 3 g cm −3 . In order to match the initial setup used in FLASH we map stellar mass rest-mass density ρ, proton fraction y p , and temperature T from the progenitor star to GR1D. To evolve stably until late times in GR1D, we neglect velocity terms and inelastic sca ering in this set of comparison runs in both GR1D and FLASH. For the purposes of testing the e ective potential this approximation is justi ed.
In Figure 3 , we compare the central density of corecollapse simulations performed using GR1D to FLASH simulations using the "Case A" e ective potential for 8 progenitor models that span a wide range of compactness. is evolution agrees quite well in the early times a er core bounce, t − t bounce 0.1 s. e "Case A" e ective potential slightly overestimates the central density at intermediate times, 0.1 s t − t bounce t BH , but we stress that it agrees in many other quantities quite well. ese include the neutrino luminosity, neutrino average energies, and shock S . Figure 3 . Comparison of central density evolution for full GR simulations using GR1D and two di erent GREP approximations using FLASH, see text. We limit the plot to 8 pre-SN progenitor models that span a wide range in compactnesses for clarity and stress that all other models behave similarly. Soon a er bounce, t − t bounce 0.1 s, all approaches predict quite similar evolutions. At later times, 0.1 s t − t bounce tBH, the "Case A" e ective potential predicts slightly higher central density than the full GR and the "Case A φ " e ective potential, the la er two agreeing quite well. Near BH formation the density evolution becomes quite similar again, especially for more compact pre-SN progenitors. radius evolution (Granqvist 2019) . Near the time of BH formation the central densities generally converge again in the two cases, especially for the most compact progenitors.
We also explore an additional case, which we call "Case A φ ". Here, we add the additional factor of Γ to the gravitational potential instead of the TOV mass. e central density evolution agrees remarkably well with the full GR case, especially early on and for the most compact progenitors. However, most other quantities, like the emergent neutrino luminosities, tend to show greater deviations from the full GR results when compared to the "Case A" method (Granqvist 2019 ). erefore we choose to continue to use the "Case A" potential and do not advocate for our new "Case A φ ".
In Figure 3 , we show that the BH formation time, t BH , for each pre-SN progenitor is very similar for simulations that use full GR and the two di erent GREP approaches.
is is in agreement with the results of Couch et al. (2019) for comparisons between full GR simulations and the "Case A" GREP approximation using FLASH. However, as we show in Figure 4 for 15 chosen pre-SN progenitors from Sukhbold et al. (2018) , full GR simulations consistently take longer to collapse than their GREP counterparts. Also, "Case A φ ", despite predicting a more accurate PNS central density evolution than the "Case A" approach, o en underestimates the BH formation time by a slightly larger margin than "Case A". For the progenitors where GR1D runs reached BH formation, in most cases they took 3% to 8% (8% to 16%) more time a er core bounce than did the FLASH GREP runs for progenitors with ξ 2.5 0.4 (ξ 2.5 0.4). For a more indepth Figure 4 . Comparison of the BH formation time for full GR simulations using GR1D and the "Case A" and "Case A φ " GREP approximations using FLASH. We limit the plot to 15 pre-SN progenitor models that span a wide range in compactnesses for clarity. Symbols are colored according to their compactness, as in Fig. 3 , and we also write explicitly the ZAMS mass of the progenitors in M on the top plot. For the 18 M run, where the GR simulation did not reach BH formation due to its increasing computational cost, we replaced the 8 symbol by a 9 symbol to denote the maximum simulation run time (see also Fig. 3 ). GR simulations that formed a BH took, on average, 4 to 8% longer to do so than their GREP counterparts for the more compact progenitors and 8 to 16% longer for the less compact ones.
analysis, although with a di erent EOS, we refer the reader to Granqvist (2019) .
RESULTS
We start our analysis detailing how pre-SN progenitor structure a ects its core-collapse evolution until BH formation. First, we examine two extreme pre-SN progenitor cases, the high compactness progenitor u75WHW02 (ξ 2.5 = 0.88) and the low compactness progenitor s50WH07 (ξ 2.5 = 0.22). Using our baseline EOS we nd, as expected, that the compact model collapses to a BH rather quickly, 447 ms a er core bounce for u75WHW02, and takes a relatively long time to collapse for the low compactness progenitor, 4478 ms a er core bounce for s50WH07.
High compactness pre-supernova progenitor
In Figure 5 we show the post bounce evolution of the u75WHW02 progenitor star simulated using our baseline EOS. Evolution is shown until 1 ms before BH formation at t−t bounce = 447 ms, de ned as the time where the core density surpasses 2.0 × 10 15 g cm −3 . At core bounce, the central density and temperature are approximately 1.5 n sat and (2002) . We plot the baryonic mass density ρ (top le ), temperature T (top right), lepton fraction ye = (n e − − n e + )/n (center le , equal to the proton fraction ye = yp = np/n), neutrino number fraction (center right, yν = (nν − nν )/n), entropy s (bo om le ), and pressure P as a function of gravitational mass coordinate Mgrav, i.e. Equation (4). Additionally, we plot the properties of a cold (s = 0.1 kB baryon −1 ) and a hot (s = 4.7 kB baryon −1 ) non-rotating beta-equilibrated (yν = 0) NS.
20 MeV, respectively. A er bounce the core compresses quickly, baryon number density increases almost one order of magnitude in less than 500 ms, and its temperature rises above 50 MeV. Neutrino and anti-neutrino emission processes and their diffusion move ma er towards beta-equilibrium and decrease the average entropy of the PNS, rendering it almost uniform at s 4.7 k B baryon −1 by BH formation time between mass coordinates 1.0 M grav /M 2.0. We compare the evolution of the collapsing star to the most massive beta-equilibrated NS possible. e comparison is made for two cases: (1) a PNS with constant entropy s = 0.1 k B baryon −1 , which serves as a proxy for a cold NS, and (2) for a hot NS with constant entropy s =s(t BH ).
Here,s(t) is the most common entropy value at a given time t de ned ass
with H the Heaviside step function, s(M ) the entropy at mass coordinate M in units of k B baryon −1 and M PNS the mass enclosed by the PNS, i.e., the mass within the region with density larger than 10 11 g cm −3 . We nd that this de nition displays a smoother and more stable evolution than the maximum entropy inside the PNS within a mass or density coordinate. Moreover, we see only small di erence between choosing the gravitational or the baryonic mass for the computation in Equation (6). For the progenitor and EOS discussed in this section we nd that s(t BH ) = 4.7 k B baryon −1 . We observe that collapse to a BH occurs when the total gravitational mass of the PNS, M PNS grav , is within 1% of M max,s grav , the maximum mass supported by a hot NS with constant entropys(t BH ). Here, and in what follows, a M with a numeric superscript indicates the mass of a constant entropy star with the superscript denoting the entropy in units of k B baryon −1 . We note that approximately 300 ms a er bounce, both the baryonic and gravitational masses of the PNS are already a few tenths of a solar mass larger than the maximum masses supported by a cold non-rotating betaequilibrated NS. As there is no mechanism for the PNS to lose baryonic mass the collapse into a BH is inevitable even if accretion were abruptly cuto and neutrinos had enough time to carry away all of the mass associated with the excess thermal energy.
Low compactness pre-supernova progenitor
In Figure 6 , we plot the evolution of the s50WH07 progenitor using our baseline EOS. Due to its relatively low compactness, this progenitor star's structure leads to a much lower accretion rate than the u75WHW02 progenitor and, therefore, has a much longer time to equilibrate between core bounce and the collapse to a BH at t − t bounce = 4478 ms. Except for the inner and outermost layers of the star, enough neutrinos have been emi ed that most of the PNS is close to beta-equilibrium (y ν = 0) by the end of the simulation. us, heat from the accreted layers has had time to di use inwards towards the PNS center and its entropy to decrease tos 2.7 k B baryon −1 between mass coordinates 0.5 M grav /M 2.0 at the point of BH formation. Compared to the maximum mass of a hot non-rotating beta-equilibrated NS with constant entropỹ s = 2.7 k B baryon −1 , we observe that the PNS gravitational mass, M PNS grav = 2.30 M is only slightly above the maximum gravitational mass supported by the hot star with constant entropy 2.7 k B baryon −1 , M max,2.7 grav = 2.29 M . Also, collapse to a BH takes place even though the PNS baryonic mass M PNS baryon = 2.55 M is below the limit M max,2.7 baryon = 2.60 M . Furthermore, even this maximum baryonic mass supported for a hot NS withs = 2.7 k B baryon −1 is below that of a cold non-rotating beta-equilibrated NS, i.e., M max,2.7 baryon < M max,0 baryon = 2.65 M . is implies that there is an intricate interplay between accretion, which increases the total baryonic and gravitational mass of the PNS and pushes it towards collapse into a BH, and neutrino emission, which decreases the gravitational mass of the PNS and can help revive the shock to prevent the gravitational instability that leads to BH formation. In the simulation of the u75WHW02 progenitor, the PNS collapses into a BH happens once its gravitational mass exceeds 99% of M max,s grav , while in the case of the s50WH07 progenitor the PNS gravitational mass slightly exceeds M max,s grav . e di erence is due to the contribution of the relatively colder core of the PNS formed from the core collapse of the u75WHW02 progenitor, which cannot support as much pressure before BH formation.
In Figure 7 , we show the evolution of the PNS baryonic and gravitational masses, M PNS baryon and M PNS grav , respectively, with respect to the most common PNS entropy,s, see Equation (6), and the PNS mass averaged entropȳ
We plot curves for the six pre-SN progenitor models chosen from Woosley et al. (2002) and Woosley & Heger (2007) , see Table 1 , and simulated using our baseline EOS. We also include the maximum supported baryonic and gravitational masses for hot stars with a constant entropy s, M max,s , for the baseline EOS used in the simulations. e plot with respect to the gravitational mass reinforces the idea that, for a given progenitor and, as we will show later, a given EOS, BH formation occurs only once M PNS grav M max,s grav . Meanwhile, the plot showing the evolution of the PNS baryonic mass emphasizes that (1) BH formation correlates with excess gravitational mass and not baryonic mass and (2) that collapse into a BH can happen for PNSs with baryonic masses lower than the maximum supported by a cold NS.
For both progenitors described here in detail, u75WHW02 and s50WH07, our qualitative results for the PNS prole evolution in the rst seconds a er core bounce are in broad agreement with other PNS evolution simulations in spherical symmetry (Sumiyoshi et al. 2005 (Sumiyoshi et al. , 2007 (Sumiyoshi et al. , 2008 (Sumiyoshi et al. , 2009 Martínez-Pinedo et al. 2012; Roberts et al. 2012; Roberts & Reddy 2016; Fischer et al. 2009 Fischer et al. , 2010 Fischer et al. , 2012 Nakazato et al. 2012 Nakazato et al. , 2013 Nakazato et al. , 2018 Nakazato & Suzuki 2019; Banik et al. 2014; Char et al. 2015) . While some of these studies focused on the PNS path towards BH formation and EOS e ects, many were only interested in long term evolutions of PNSs that would eventually form a cold NS. Fischer et al. (2010 Fischer et al. ( , 2012 ; Martínez-Pinedo et al. (2012) simulated core collapse and PNS evolution for several seconds for pre-SN progenitor stars of 8.8, 10.8, 15, and 18 M . In these works, explosions were achieved by arti cially enhancing the electronic charged current reaction rates except for the lightest progenitor, which is able to explode even in spherically Figure 6 . Time evolution from core bounce to BH formation (t − t bounce = 4478 ms) of the pre-SN s50WH07 model of Woosley & Heger (2007) . Plot order as in Figure 5 . Additionally, we plot the properties of a cold (s = 0.1 kB baryon −1 ) and a hot (s = 2.7 kB baryon −1 ) non-rotating beta-equilibrated (yν = 0) NS. symmetric simulations. Nakazato et al. (2013) simulated PNS cooling for eight massive progenitor models using the H. Shen EOS (Shen et al. 1998a,b) for up to 20 seconds after core bounce by removing the stellar mantle above the shock region a er 100, 200, and 300 ms a er core bounce.
In the one case where Nakazato et al. (2013) did not remove the outer layers of the star a er core bounce, for a 30 M progenitor with Z = 0.004 metalicity, the PNS collapsed into a BH within 842 ms and a gravitational mass M PNS grav 2.53 M assuming all the binding energy was radiated away in neutrinos. Nakazato et al. (2018) ; Nakazato & Suzuki (2019) evolved PNSs for up to 80 seconds a er removing the regions above the shock 300 ms a er core bounce to study the e ect of the EOS in the cooling timescales. Meanwhile, Roberts & Reddy (2016) excised the inner 1.42 M of the PNS and evolved it for 100 seconds using the LS 220 EOS of La imer & Swesty (1991) . Unlike these previous PNS evolution studies, however, we do not force explosions to occur. Instead, we allow for the overlying material above the PNS to continue to accrete, as expected in spherically symmetric simulations, and drive BH formation. We also do not model convective instabilities that arise within the PNS and drive convection and turbulence, even though those are sensitive to the EOS (Roberts 2012) and render the entropy prole within the PNS monotonically increasing (Dessart et al. 2006; Roberts 2012; Pan et al. 2018; Gossan et al. 2019 Figure 7 . Evolution of the gravitational (top) and baryonic (bottom) masses during the core-collapse of the six pre-SN progenitor models chosen from Woosley et al. (2002) and Woosley & Heger (2007) . Shaded areas are bound le by the mass weighted average entropys, Equation (8), right by the most common entropys within the PNS, Equation (6), and top by the PNS mass at BH formation time. Black lines are the maximum possible mass M max,s obtained solving the TOV equations for a NS with constant entropy s for our baseline EOS (Section 2). Collapse to a BH takes place, to a very good approximation, once the gravitational mass of the PNS exceedes the maximum gravitational mass supported by a hot NS with entropy equal to the most common entropy (i.e. s =s(tBH) inside the PNS.) Sumiyoshi et al. (2006 Sumiyoshi et al. ( , 2007 Sumiyoshi et al. ( , 2008 Sumiyoshi et al. ( , 2009 
Multiple progenitors
We now explore the relationship between collapse to BH and gravitational mass of the PNS for 45 pre-SN progenitors of Sukhbold et al. (2018) , Section 2.1. Again, we simulate all core collapses until BH formation occurs. In Figure 8 , we plot the central density for each progenitor and observe, as expected, that the time for a BH to form decreases with increasing compactness (O'Connor & O 2011) . e BH formation time is the time it takes to accrete the critical mass element that has a baryonic mass coordinate equal to the PNS baryonic mass at the point of BH formation.
is occurs approximately at (Burrows 1986; O'Connor & O 2011) 
where M BH = M PNS (t BH ) and t MBH ff is the free-fall time at mass coordinate M BH . For realistic EOSs and progeni- Table 1 , we obtain A = 0.332 ± 0.011 and b = 1.728 ± 0.024. We observe that the exponents b and amplitudes A are both larger for the simulated collapses than the values obtained from the Newtonian free-fall time (Burrows 1986; O'Connor & O 2011; Couch et al. 2019) . ese are due to the free-fall time not accounting for existent pressure support for the infalling mass element, which depends on details of the progenitor structure and the arbitrary initial reference time, here set to be the PNS bounce time. Di erences between the ing for the two progenitor sets are not signi cant, 5% for the exponent and 9% for the amplitude, given that they sample the range of compactnesses at di erent frequencies and that one set includes only six progenitor stars.
In Figure 9 , we plot the PNS gravitational mass, M PNS grav ; accretion rates,Ṁ ; and the evolution of PNS and shock radii, R PNS and R shock , respectively. During the rst 200 ms post core-bounce, progenitors with higher compactness form, in general, PNSs with larger radii. e behavior changes at later times since accretion rates increase with compactness which, in turn, result in higher pressures on top of the PNS and force the PNS to contract faster. is would have implications for GW emission as the more compact and more massive a PNS is the stronger the gravitational waves and the higher the frequencies it emits (Pan et al. 2018; Morozova et al. 2018; Torres-Forné et al. 2019 ).
Similar to the PNS radii, the shock radii also follow a somewhat well de ned trend for all progenitors. e exceptions occur near the times when the shock crosses steep den- Figure 9 . Evolution of the PNS gravitational mass M PNS grav (top le ), accretion rateṀ (bo om le ), shock R shock , shock surge Rsurge, and PNS radii RPNS (top right), and electron anti-neutrino luminosity Lν e (bo om right) for core-collapse simulations of 45 pre-SN progenitor models of Sukhbold et al. (2018) , see Section 2.1. We estimated the gravitational mass by computing the baryonic mass of the PNS (de ned by ρ > 10 11 g cm −3 ) and subtracting the total integrated luminosity of the emi ed neutrinos. Large declines in accretion rates that occur due to sharp density drops in the progenitor models (see Figure 1 ) cause shock radii to expand further than expected from a smooth accretion rate, shown as Rsurge in the top right plot. See discussion in text. Note that not all progenitors show sharp declines in accretion rate. Neutrino luminosities, represented here by the electron anti-neutrino, also show behavior that depends on the progenitor pro le. sity gradients, such as the interface between the Si and Si-O shell, and accretion rates drop dramatically. Lower accretion allows shock radii, if not already increasing fast due to early post-bounce dynamics, to expand signi cantly. At such times when the shock radius crosses a shell boundary, which takes place between 40 ms and 400 ms a er bounce for most progenitors where this occurs, the shock radii quickly expands an extra 10 km R surge 30 km, but recedes soon a er.
is outcome is expected for spherically symmetric simulations of core collapse. However, in multidimensional simulations the accretion of the interface at the boundary between the Si and Si-O shell is o en the driver of a successful SN (Summa et al. 2016 (Summa et al. , 2018 O et al. 2018; Vartanyan et al. 2019) .
For most pre-SN progenitors, including the ones considered here, the Si/Si-O interface crosses the region where the entropy is s = 4 k B baryon −1 . is interface also coincides with the steepest density and entropy gradients throughout the star and occurs near mass coordinate M 2 M , which is discernible as a large density drop in the stellar pro le, see Figure 1 . Considering this, Ertl et al. (2016) were able to correlate successful supernovae explosions with the mass coordinate M (s = 4 k B baryon −1 ) and how steep the entropy gradient µ 4 = dm/dr| s=4 k B baryon −1 is at such location.
is is because M 4 is related to when the sudden drop in ac-cretion rate occurs while µ 4 determines how signi cant the drop is. If the drop in accretion rate is close to when neutrino luminosity is at a maximum an explosion sets in (Ertl et al. 2016 ). We estimate the surge in shock radii caused by the shock radius crossing a steep density/entropy gradient in our simulations, R surge in Figure 9 . R surge is computed by subtracting a smoothed shock radius from R shock . e smoothed shock radius is a t to R shock that excludes data points near where accretion rate drops signi cantly 2 . We observe that R surge is larger if the shock crosses a boundary layer near when neutrino luminosity is close to a maximum in its trend, t − t bounce 80 − 200 ms. us, as in Ertl et al. (2016) , we expect larger R surge to correlate with successful supernovae explosions in multidimensional simulations. We reiterate that these radii surges do not correlate with compactness of the pre-SN progenitor, but with the location and density gradient of the advected boundary layer.
Finally, we also show in Figure 9 the luminosity, Lν e , of electron anti-neutrinos as their count rate could be the main 2 e t is performed with the InterpolatedUnivariateSpline Python module (Jones et al. 2001 ) excluding R shock in the region where d logṀ /d log(t) < −2 and up to 100 ms a erwards S . observable informing us of progenitor structure and possible PNS collapse to a BH during a galactic core-collapse (Scholberg 2012). In the earlier stages of collapse, electron antineutrino luminosity rises quickly and peaks approximately 100 to 150 ms a er core bounce. For pre-SN progenitors where accretion rates drop abruptly due to the advection of a boundary shell, so do the neutrino luminosities as it is accretion that fuels the neutrino production. us, while the BH formation time is well correlated with the pre-SN progenitor compactness, the behavior of most other observables a er the rst ∼ 200 ms, such as neutrino luminosity, shock radius, and accretion rate, is not well determined solely by progenitor compactness ξ M , but also depend on pre-SN progenitor structure O'Connor & O 2013; Ertl et al. 2016; Ebinger et al. 2018 ). Finally, the neutrino signal is abruptly cut-o at the moment of BH formation due to the neutrinosphere being inside the BH event horizon (Sumiyoshi et al. 2006 ), although we are not able to evolve our simulations until this happens. Figure 10 . Evolution of the most common entropy (s) inside the PNS and its gravitational mass for the progenitors of Sukhbold et al. (2018) . Curves are compared to the maximum gravitational mass supported by a hot NS with constant entropy. Collapse to a BH happens soon a er the gravitational mass of the PNS is above the limit de ned by the hot constant-entropy NS.
As for the Woosley et al. (2002) and Woosley & Heger (2007) progenitors, we also consider the entropy evolution of the PNS for the Sukhbold et al. (2018) progenitors. In Figure 10 , we plot the gravitational mass of the PNS as a function of the most common entropy,s, inside the PNS. We compare these curves for each of the progenitors to the maximum gravitational mass supported by a hot NS with a constant entropy, which is obtained by solving the TOV equations for our baseline EOS. We note that in our TOV solutions we do not include the e ects of thermal neutrinos, which are naturally included in our neutrino transport simulations. We have checked that adding these to the TOV solutions for constant entropy NSs changes the maximum gravitational mass by < 1% for all s < 4 k B baryon −1 . BH formation occurs, in almost every case, soon a er the grav-itational mass of the PNS is above the limit de ned by the constant-entropy NS for our EOS, M max,s grav . Only in a few cases of high-compactness progenitor collapse BH forms with a mass below M max,s grav , but still very close to it.
Equation of state e ects
In the discussion above we focused on the collapse of 51 pre-SN progenitor models simulated using a single EOS. Now we look at the e ects of another 48 EOSs (Section 2.2) on the collapse of the six progenitors of Woosley et al. (2002) and Woosley & Heger (2007) , Section 2.1.
In Figure 11 we plot the central density of the PNSs a er core bounce until BH formation for the collapse of the pre-SN progenitors u75WHW02 and s50WH07 simulated using the EOSs from sets s M and s P of Schneider et al. (2019a) . Recall that the EOS set s M is constructed in such a way that the zero temperature component of each EOS is very similar, while their temperature dependences di er. Set s P , on the other hand, has the same temperature dependence for all EOSs, while the zero temperature components of their EOSs di er.
For the high compactness progenitor u75WHW02, ξ 2.5 = 0.88, we observe that simulations using set s M lead to BH formation times that change by almost a factor of 2.5, from t BH = 240 ms for for the so est EOS (m = 0.95 m n and ∆m = 0.30 m n ) to t BH = 592 ms for the sti est EOS (m = 0.55 m n and ∆m = −0.10 m n ). Meanwhile, for the same progenitor, simulations performed with EOSs in set s P have BH formation times that di er by at most 15% from each other, t BH = 412 ms for the so est EOS (P . e situation changes for the low compactness progenitor s50WH07, ξ 2.5 = 0.22. In this case, BH formation times for runs simulated using the s P set extends from t BH = 3.5 s for the so est EOS to almost t BH = 5.2 s for the sti est EOS, a 48% increase. For set s M and the same s50WH07 progenitor, however, BH formation times become much less disperse than for the very compact progenitor u75WHW02. Collapse of the PNS into a BH now takes between t BH = 3.4 s for the so est EOS in the set to t BH = 4.7 s for the sti est, only a 38% di erence.
As also shown by Schneider et al. (2019a) , the e ective mass (m ) has a higher in uence in the collapse evolution than the e ective mass spli ing (∆m ).
us, for a given pre-SN progenitor, clustering of the predicted central densities soon a er bounce for EOSs with similar e ective masses is expected. Nevertheless, other parameters within their current constraints which were not studied in this work, such as the nuclear incompressibility and symmetry energy at saturation density and its slope, also play a part in setting the central density a er core bounce (Steiner et al. 2013; Yasin et al. 2018; Schneider et al. 2019a as the ones in set s P , signi cant changes in the PNS evolution occur solely a er central density is above n 3 n sat . In Figure 7 we showed using the baseline EOS of Schneider et al. (2019a) and the progenitors of Woosley et al. (2002) and Woosley & Heger (2007) that PNS was unstable against collapse into a BH only a er the PNS gravitational mass overcame or was very close to M max,s grav , the maximum gravitational mass supported by a hot NS with constant entropỹ s, see Equation (6). We veri ed this result to be true for all combinations of 6 progenitors and 49 EOSs discussed here.
Our approach to determine when a PNS collapses into a BH allows us to identify, for a given pre-SN progenitor, which components of the nite-temperature EOS most signi cantly impact the core-collapse evolution. In Figure 12 , we plot the maximum supported gravitational mass for a hot NS with a constant entropy s, M max,s grav , for the EOSs in set s M and s P . As expected, EOSs in set s M produce very similar low-entropy stars, s 2 k B baryon −1 , and very different high-entropy stars. is is due to their non-thermal EOS components being alike, while their thermal components are quite di erent. EOSs in set s P , on the other hand, have the opposite behavior due to their identical thermal components, but distinct non-thermal high-density pro les.
Also in Figure 12 we show the Gaussian average and its 95% con dence interval of the core-collapse trajectory ins− M PNS grav space 3 . e average is computed over all EOSs in a given set for each of the pre-SN progenitors. It is remarkable that the path traced ins − M PNS grav space for each progenitor is almost independent of the chosen EOS up to the point of BH formation. For clarity we pinpoint the moments where BH formation takes place.
A few other remarks about the PNS evolution are important. First, for a given progenitor, the paths drawn iñ s − M PNS grav space averaged over EOSs are, to rst order, close to a straight line, at least in the limited region of parameter space plo ed. Second, these lines have similar slopes for Figure 12 . Maximum gravitational mass supported by a hot NS with constant entropy for EOSs in set sM (le ) and sP (right). Also plo ed are the Gaussian averages and their 95% con dence intervals for the core collapse trajectories ins − M PNS grav space averaged over all EOSs for each of the six progenitors of Woosley et al. (2002) ; Woosley & Heger (2007) . We extend this curve up to 0.3 M beyond the largest mass achieved for a given progenitor. We also pinpoint the moments of BH formation (crosses) of all simulations and note that they deviate li le from the Gaussian average curves. We note that the PNS follows a similar trajectory ins − M PNS grav for each progenitor, regardless of the EOS, and collapse into a BH occurs shortly a er it crosses the maximum gravitational mass threshold supported by a hot NS with constant entropy for the EOS used. e curve for the s50WH07 progenitor and the sM progenitor set looks like an outlier since some of the points at BH formation time look well outside the average region. is occurs due to the trajectories ins − M PNS grav space for the sti er EOSs in this set having more weight as they take signi cantly longer to form a BH, as well as the most common entropy,s, for runs with the so er EOSs in the set not decreasing as fast as for the sti er ones. all progenitors and, furthermore, are approximately ordered by increasing compactness. Nevertheless, we notice steeper slopes for progenitors that maintain large accretion rates throughout their evolution history. Also, we observe almost no di erence between the core-collapse trajectory evolution ins − M PNS grav space simulated with EOSs in sets s M and s P . e only exception occurs for core-collapse simulations of the s50WH07 pre-SN progenitor, since the slow rate of accretion and distinct thermal component of the EOSs in set s M allow for di erent evolution of the PNS entropy near BH formation time. us, this is the combination of EOS set and progenitor with the widest con dence level region. All of this, allows us to conclude that for spherically-symmetric core-collapse of compact pre-SN progenitors, the path iñ s−M PNS grav space is almost independent of the EOS. us, this trajectory is mainly a function of the pre-SN stellar structure and, to a good approximation, only a function of progenitor compactness. Some of these points can also been inferred from Figure 10 for multiple progenitors and a single EOS. erefore, we conclude that computing M PNS grav (s) for a given progenitor for a single EOS may be enough to determine if BH formation would occur faster or slower using a di erent EOS and what would be the BH initial mass. Such a plot can assist us when making comparisons between di erent progenitors and a single EOS or between one progenitor and di erent EOSs. is is discussed next. e conclusion above can be used to understand the overall behavior displayed by the results shown in Figure 11 . A very compact pre-SN progenitors such as u75WHW02, which collapses from a PNS to a BH in a few hundred mil-liseconds, displays quite a wide (narrow) range of BH formation times when simulated with EOSs in set s M (s P ). is occurs mainly due to more compact progenitors accreting material fast and not leaving enough time for neutrinos to carry out the excess entropy before gravitational instability se les in.
us, the path traced by this progenitor in M PNS grav −s phase space crosses the maximum supported mass by hot NSs in the high-entropy region, where EOS sets s M and s P predict very di erent scenarios, and lead to very di erent BH formation times and initial masses. Had we known beforehand the conclusions drawn above, we could have simulated the collapse of u75WHW02 using a single EOS and determined with a reasonable accuracy how long it would take for the PNS to collapse into a BH had we simulated it with any other EOS. Moreover, the initial BH gravitational mass could also have been predicted without performing additional simulations. It is then clear why using EOS set s M to simulate the collapse of the pre-SN progenitor u75WHW02 leads to quite di erent BH formation times and initial masses, while for set s P those times and masses are fairly similar.
Low compactness pre-SN progenitors such as s50WH07 take a few seconds to collapse into a BH due to their much lower accretion rates. Lower accretion rates lead to less compressional heating of the PNS, allowing it more time to emit neutrinos and decrease the total PNS entropy. Due to less thermal support low compactness pre-SN progenitor stars will, for most EOSs, form BHs slower and with lower masses than those resulting from the core collapse of more compact progenitors. From a single simulation of such a progenitor, using one EOS, we could also determine its path along the M PNS grav −s plane, although not as accurately as for more compact progenitors. Yet, it should be reasonably clear now why the initial BH mass and the time it takes for it to form is as diverse for EOS set s M as it is for set s P for the s50WH07 progenitor.
Other EOSs
In Figure 13 we plot the M PNS grav (s) for many EOSs found in the literature. We plot the baseline SRO EOS used in this study (Schneider et al. 2019a) , the APR EOS (Schneider et al. 2019b) , the three variants of the La imer and Swesty (LS) EOS with incompressibilities K sat = 180, 220 and 375 MeV baryon −1 (La imer & Swesty 1991), the DD2 and FSU-Gold EOSs , the DD2 variant including hyperons BHB Λφ (Banik 2014) , the H. Shen EOS (Shen et al. 1998b ) and its variant including Λ hyperons (Shen et al. 2011) , the SFHo EOS (Steiner et al. 2013) , and the Togashi EOS (Togashi et al. 2017) . We also plot the Gaussian averaged trajectory in M PNS grav −s space for the six di erent progenitors discussed in this section for the EOS set s M . Because the di erence in maximum masses M PNS grav (s) changes from one EOS to the next for a given entropy s, we expect that BH formation times and their initial masses to also do so. We now use the results of our simulations, which are summarized by the averaged trajectories for each progenitor in M PNS grav −s space, see Figure 13 , to examine previous works.
First, we note that EOSs that are sti er at zero entropy/temperature are not necessarily sti er at nite entropy. In fact, the sti est EOS at zero temperature, LS 375 , is the so est EOS at s 6 k B baryon −1 . Also, whether an EOS is computed within a relativistic or non-relativistic model ma ers. Both the Togashi and APR EOSs are computed to reproduce the nuclear potential of Akmal et al. (1998) , While Togashi et al. (2017) use a relativistic formalism, Schneider et al. (2019b) use non-relativistic Skyrmelike extension to compute their APR EOS. Although both M max grav (s) curves are quite similar, they do not completely agree and the discrepancy between them becomes larger as the entropy increases. In fact, M max grav (s) for the APR EOS increases faster than for the Togashi EOS, a result of the nonrelativistic formalism allowing very sti EOSs which lead to superluminal sound speeds at very high densities.
Works by Fischer et al. (2009); Sumiyoshi et al. (2006 Sumiyoshi et al. ( , 2007 compared BH formation for a few progenitors in simulations that employed the LS 180 EOS, or the LS 220 EOS in the case of Sumiyoshi et al. (2008) , and the H. Shen EOS (Shen et al. 1998a,b) . In all cases these studies found that for a given progenitor the H. Shen EOS predicted PNSs to last longer than the LS 180 EOS, and, thus, collapsed into BHs with larger initial masses. is is clear from Fig. 13 where the H. Shen EOS always displays a larger maximum PNS mass than both the LS 180 or LS 220 EOS.
O 'Connor & O (2011) studied the EOS dependence of BH formation for over 100 pre-SN progenitors of di erent compactnesses using the open-source general-relativistic GR1D code with three-species neutrino leakage and approximate heating scheme (O'Connor & O 2010) . ey compared the core-collapse evolution for four EOSs, three Skyrmetype EOSs from (La imer & Swesty 1991) with incompressibilities K sat = 180 MeV (LS 180 ), 220 MeV (LS 220 ) and 375 MeV (LS 375 ) as well as the relativistic mean eld (RMF) EOS of Shen et al. (1998a,b) (H. Shen) . Although two of these EOSs are excluded by experiments, LS 180 for being too so and LS 375 for being too sti at zero temperature, they are still useful to understand the EOS dependence of BH formation. With these four EOSs, O'Connor & O (2011) observed, amongst other things, that BH formation times and initial masses were similar for the pairs LS 180 -LS 220 and LS 375 -H. Shen EOSs, see their Table 2 and Figure 7 . While the LS 180 and LS 220 EOSs forecast that BHs will form once the PNS gravitational mass exceeds 2.0 M for the less compact progenitors and 2.5 M for the most compact ones, both the H. Shen and LS 375 EOSs predict that BHs form with initially larger masses, 2.5−2.8 M . Additionally, the differences in initial mass and collapse times between the EOS pairs, LS 180 -LS 220 and LS 375 -H. Shen, decrease with increasing progenitor compactness. Furthermore, LS 375 was the only EOS to allow BH formation to take place for PNS gravitational masses lower than the maximum supported by the EOS at zero temperature.
All of the observations by O'Connor & O (2011) described above can be understood from Figure 13 . First, we see that for hot NSs with constant entropy s, the LS 180 and LS 220 EOSs predict maximum hot-NS gravitational masses that di er by approximately 0.2 M for s 3 k B baryon −1 .
is di erence in the maximum gravitational mass decreases for higher entropy and inverts for s > 5.1 k B baryon −1 .
us, for spherically symmetric CCSN simulations using these two EOSs, BHs will form soon a er the PNS overcomes a mass of 1.8 M for the LS 180 EOS and low-compactness progenitors and with 0.2 M more mass for the LS 220 EOS. e di erence decreases the more compact the progenitor star is, with both EOSs predicting almost the same BH formation time and initial BH mass for the most compact progenitor tested here, u75WHW02. Nevertheless, O'Connor & O (2011) observe that the simulation using the LS 220 EOS takes longer to collapse into a BH, 285 ms compared to 226 ms for the LS 180 EOS. Due to the longer accretion time, the simulation using the LS 220 EOS also collapses with a slightly larger gravitational mass than the one with the LS 180 EOS, 2.50 M to 2.45 M of LS 180 . We can understand this by referring back to Figure 5 and noticing that not all of the PNS interior has entropys, see Equation (6), as in our approach. Some of the PNS innermost regions have entropies lower thans, which also contribute to preventing BH formation. Since for entropies lower thans, the LS 180 EOS provides lower thermal pressure than the LS 220 EOS, we expect this to play a second order role into the core-collapse evolution. In fact, we arrive at a similar conclusion performing simulations of core-collapse of the s40WH07 pre-SN progenitor using other EOSs from Hempel et al. (2012) , namely the ones that Figure 13 . Top: comparison of the maximum gravitational mass supported by a hot NS with constant entropy, M PNS grav , for selected EOSs in the literature and the average trajectory of the PNS evolution in M PNS grav −s space during the core collapse of selected pre-SN progenitors models. Core collapse trajectory in M PNS grav −s space depends almost exclusively on the progenitor and, therefore, for a given combination of progenitor and EOS, BH forms near the point where trajectory crosses M max grav (s). Bo om: Focus on the s40WH07 pre-SN progenitor evolution a er core bounce and simulations performed for the selected EOSs. We mark the BH formation point according to whether BH formed with gravitational mass M PNS grav (tBH) above or below the one predicted by M max grav (s) multiplied by a factor of 0.99. Only EOSs that have steep increase in M max grav with increasing entropy s form BHs with initial mass lower than 0.99M max grav (s), but still within 5% of the mass predicted by the average trajectory M PNS grav −s. BH formation times for the LS180, SFHo, SRO, and DD2 EOSs are, respectively, tBH = 0.40, 0.58, 0.81, and 1.03 s. e simulation employing the LS375 EOS could not be evolved until BH formation due to its proton fraction being limited to y > 0.035. use the TM1, TMA, and FSU-Gold parametrizations of the nuclear interactions, the IU-FSU EOS from Fa oyev et al. (2010) , and the H. Shen EOS (Shen et al. 1998a,b) . ose EOSs predict fast increase of M max grav with increasing entropy even for s 3 k B baryon −1 , see curves for H. Shen and FSU-Gold in Figure 13 . us, it is clear our model may needs some correction in the initial BH mass for some EOSs of order 0.05 M due to the low entropy at the core of the PNS.
A similar pa ern to that observed between the LS 180 and LS 220 EOSs pair is observed between the H. Shen and LS 375 EOSs: for pre-SN progenitors with ξ 2.5 0.5 the H. Shen EOS predicts PNSs will collapse into BHs with initial masses 0.3 M lower than the LS 375 EOS does. However, for the most compact progenitor stars the BH formation times and initial masses are predicted to be similar for both EOSs, with simulations using the LS 375 EOS forming BHs with lower initial masses than those that employ the H. Shen EOS. is is another feature that we could have predicted from Figure 13 due to the crossing of M max grav (s) for the LS 375 and H. Shen EOSs near s = 4.5 k B baryon −1 . Finally, besides our EOS with m = 0.95 m n and ∆m = 0.30 m n , LS 375 is the only other EOS we have found where M max grav (s) does not monotonically increase with entropy s.
Some works studied the e ects of mesons and hyperons in BH formation. Sumiyoshi et al. (2009); Nakazato et al. (2012) studied BH formation for the EOSs of Ishizuka et al. (2008) , an extension of the Shen et al. (1998a,b) EOS that includes pions and Λ, Σ, and Ξ hyperons. ey showed that the appearance of pions and/or hyperons so en the hot EOS, which decreases the maximum mass supported by a PNS against gravitational collapse, and gives rise to a fast increase in neutrino energies and luminosities at late times when compared to purely hadronic EOSs. Peres et al. (2013) obtained similar results by adding pions and Λ hyperons to the LS 220 EOS. However, the neutrino luminosity of Peres et al. (2013) for their simulated core collapse using the LS 220 +Λ EOS was approximately 4 times larger than for the purely hadronic LS 220 EOS and peaked at 5 × 10 54 erg g −1 . No other studies we found show similar results. Banik et al. (2014) compared BH formation time and initial masses for progenitors from Woosley & Heger (2007) for the nuclear H. Shen EOS (Shen et al. 1998a ) and its version containing Λ hyperons (Shen et al. 1998b ). Using the GR1D code and a leakage scheme for neutrinos they found that, in general and as expected, Λ hyperons lead to lower BH formation times and initial masses. A follow up study, Char et al. (2015) , also simulated spherically symmetric corecollapse for progenitors from Woosley & Heger (2007) using two EOSs containing Λ hyperons, BHB Λφ and H. Shen Λ . ey concluded that BH formation took longer for simulations that used the BHB Λφ EOS than the ones using the H. Shen Λ EOS because the repulsive Λ − Λ interactions included in the former and not in the la er made the BHB Λφ EOS sti er. Nevertheless, an exception was found by Char et al. (2015) for the core collapse of the s40WH07 progeni-tor, which collapsed into a BH slightly faster when simulated H. Shen Λ EOS. In Figure 13 we note that the BHB Λφ EOS is sti er than the H. Shen Λ EOS for most NSs with a xed entropy except for a small region with s 4.5 k B baryon −1 , where the H. Shen Λ EOS is sti er. Not surprisingly, this is the region in M PNS grav −s parameter space we predict the s40WH07 progenitor will cross during its collapse. Since all other progenitors considered by Char et al. (2015) are less compact than s40WH07 they will all collapse faster in runs that use the H. Shen Λ EOS. In fact, Char et al. (2015) observe that the less compact a progenitor is, the larger the di erence in both BH formation time and its initial mass, as we expect. Pan et al. (2018) simulated core collapse of the s40WH07 progenitor until BH formation in both 1D spherically symmetric and 2D axisymmetric geometries. eir runs were also performed using the F so ware and employed the LS 220 , BHB Λφ , SFHo, and DD2 EOSs. Although their results agree qualitative with ours, the order of collapse for their spherically symmetric runs matches what we would predict with our model, we nd that the BH formation time in their runs, see their Table 1 , is 13% faster using the LS 220 EOS and 11% slower using the DD2 EOS. Also, their BHs form with baryonic masses from 0.10 M to 0.15 M lower than ours and PNS entropiess 0.5 k B baryon −1 higher than we would expect, see their Figure 5 . We a ribute these di erences to disparate neutrino treatments and resolution used in the two sets of simulations. More importantly, Pan et al. (2018) showed that 2D simulations form BHs at later times and with higher masses than in 1D cases. e mass increase results from convection arising from the negative entropy and lepton fraction gradients which redistribute ma er inside the PNS. Note that the Pan et al. (2018) simulation that used the DD2 EOS did not lead to BH formation and exploded 1.3 s a er core bounce, which was only possible due to this EOS being able to support a PNS with a large mass. Nevertheless, the qualitative understanding of BH formation gained from the M PNS grav (s) relationship is still retained for 2D runs, even if the BH initial masses are shi ed to higher values due to convective motion within the PNS. In nonrotating full 3D simulations, it is likely that BHs form with a mass between those predicted from spherically symmetric runs, where no convection is present, and those of axisymmetric runs, where convection may be overestimated due to coherent motion of ma er. In fact, Walk et al. (2019) simulated BH formation using full 3D geometry from the collapse of the 40 M pre-SN progenitor of Woosley & Heger (2007) using the LS 220 EOS. In their run, BH formation occurs 570 ms a er core bounce, a result that is between the 460 ms of Pan et al. (2018) in spherical symmetry, and 530 ms in ours using the same progenitor and EOS (also in spherical symmetry), and the 704 ms predicted by the axisymmetric simulation of Pan et al. (2018) .
We test further our hypothesis that a PNS collapses into a BH once its mass overcomes, or comes close to in some cases, the limit M max grav (s). We select a single progenitor, s40WH07, and simulate its core collapse using some of the EOSs found in the literature and discussed in the beginning of this Section. We choose this progenitor as it is expected to form a BH in nature as well as have been repeatedly studied by many groups using unique approximations (O'Connor & O 2011; Hempel et al. 2012; Steiner et al. 2013; Banik et al. 2014; Char et al. 2015; O et al. 2018; Pan et al. 2018; Walk et al. 2019) . Results of the trajectory for each run are shown in the bo om of Figure 13 . e simulations performed were evolved until BH formation except for the run using the LS 375 EOS, which has limitations in its phase space due to the proton fraction being limited to y > 0.035. e trajectory in M PNS grav −s space for all simulations compare relatively well with our estimates from the SRO EOSs in set s M . Some di erences arise, particularly for the LS EOSs, likely due to di erent treatments of ma er at low densities, which a ect the heat transfer of accreted material onto the PNS.
Lastly, we reiterate that in most cases PNSs collapse into a BH within 1% of the gravitational mass value predicted by the crossing of the M PNS grav (s) and M max grav (s) curves. Exceptions for this exist for EOSs which show a fast increase in M max grav (s) due to lower thermal pressure contributions from the low entropy innermost region of the PNS. For the s40WH07 progenitor and EOSs used in this Section, see Figure 12 , every BH formed with entropỹ s 4 k B baryon −1 and with a mass in the range 0.99 − 1.01 M max grav (s). Exceptions exist for the H. Shen, H. Shen Λ , SFHo, and FSU-Gold EOSs, which collapsed earlier, but still within 2 − 5% of M max grav (s). is explains the results of Hempel et al. (2012) ; Steiner et al. (2013) that correlate the time for the PNS to collapse into a BH and its mass at formation time with the maximum mass supported by a hot NS with constant s = 4 k B baryon −1 entropy.
CONCLUSIONS
To date many works have shed light on the intricate relationships between the EOS of dense ma er and the core collapse evolution of a massive star and resulting GW and neutrino signals (Sekiguchi & Shibata 2005; Sumiyoshi et al. 2006; O et al. 2011; O'Connor & O 2011; Hempel et al. 2012; Steiner et al. 2013; Cerdá-Durán et al. 2013; Pan et al. 2018; Warren et al. 2019) . We build upon on these studies by performing systematic spherically symmetric CCSN simulations of 51 non-rotating pre-SN progenitors with 60 EOSs until BH formation.
For the 45 progenitors of Sukhbold et al. (2018) used in this study, we simulate the collapse employing the baseline Skyrme-type SRO EOS of Schneider et al. (2019a) using the Newtonian F code with a modi ed GR potential from Marek et al. (2006) and an energy-dependent, two-moment neutrino transport. We observe that in almost every case, the recently formed PNS becomes gravitationally unstable and collapses into a BH soon a er the gravitational mass of the PNS exceeds M max grav (s). Here M max grav (s) is the maximum mass supported by a hot PNS with constant entropys, wheres is the most common entropy value within the PNS. Interestingly, the trajectory traced by the PNS in M PNS grav −s space by each progenitor is close to a straight line where the S . entropy decreases as the PNS mass increases. ese lines are approximately ordered by progenitor compactness and their slopes are slightly steeper for progenitors that maintain large accretion rates throughout collapse. us, studying the collapse of a compact pre-SN progenitor star using a single EOS may be enough to infer when BH formation will take place for most other EOSs.
For several of the compact progenitors, we test and conrm the suitability of employing the general relativistic effective potential in order to model BH formation by comparing the core-collapse evolution to fully general relativistic simulations using GR1D. We observe that employing the "Case A" of Marek et al. (2006) the e ective potential slightly underestimates the BH formation time by ∼4% for the most compact progenitors are upwards of ∼16% for the least compact ones. We tested modi cations to the e ective potential, and while we were able to achieve be er matching to the central density evolution using "Case A φ ", a modi cation of the standard "Case A" of Marek et al. (2006) , most quantities of interest, like the neutrino luminosities, are still best reproduced with the standard "Case A". Moreover, we rea rm that although compactness, ξ M , is a good indicator of BH formation time and initial BH mass (O'Connor & O 2011) , the temporal evolution of the spectra of neutrinos emi ed, the accretion rate, and shock radius are not described well by this single parameter. As others have pointed out, at least two parameters may be necessary to characterize the core collapse outcome of a progenitor (Ertl et al. 2016; Ebinger et al. 2018) .
To be er understand EOS e ects in a PNS evolution until BH formation we simulate the core collapse of six compact progenitors of Woosley et al. (2002) ; Woosley & Heger (2007) . For each progenitor 49 simulations were performed, one simulation using the baseline SRO EOS, 24 simulations where the zero-temperature component of the EOS was altered, set s P , and another 24 simulations where the thermal component of the EOS was altered, set s M . For the least compact progenitor star in our set, s50WHW07 with compactness ξ M = 0.22, both EOS sets s M and s P predicted et al. (2016) , who studied amongst other subjects the e ects of adding pions and/or hyperons on the maximum mass of cold (T = 0) and hot PNSs (s = 4 k B baryon −1 ). However, for all other EOSs studied here and by Oertel et al. (2016) M max grav (s = 4 k B baryon −1 ) > M max grav (T = 0). We speculate on the possible core-collapse outcomes considering that the true EOS of dense ma er has a large enough decrease in maximum mass supported by a hot NS. In such a case, there could be a combination of EOS and compact pre-SN progenitor which either triggers a neutrinodriven or magneto-rotational explosion that is both strong and early (resulting in no fallback), while producing a PNS that would collapse into BH with mass lower than the maximum mass supported by a cold NS. Peres et al. (2013) nd a situation similar to this one in their core-collapse of a 40 M progenitor star with the LS 220 +Λ EOS, although in their simulation the BH would continue to accrete ma er. Nevertheless, this progenitor forms a BH with initial mass M BH grav 1.80 M . e initial BH mass is estimated from the baryonic mass and neutrino luminosities presented in Peres et al. (2013) assuming that (1) all of the gravitational binding energy is radiated by neutrinos and (2) that the neutrino luminosity remains at beyond 150 ms until BH formation time. is value is lower than the maximum supported cold NS mass M PNS grav 1.91 M and in line with the value expected for this EOS for a hot s = 4 k B baryon −1 NS (Oertel et al. 2016) . Despite the curious picture described above, most currently available realistic EOSs predict a scenario where the maximum mass supported by a hot PNS increases with temperature and, thus, it is likely that the higher the compactness of the pre-SN progenitor is, the more massive the PNS will be when it forms a BH. e PNS mass evolution as well as the BH formation time and its initial mass may be deduced for a failed galactic supernova if their neutrino signal is detected (Kachelrieß et al. 2005; Sumiyoshi et al. 2007; Suwa et al. 2019 ). As we have shown here (see Figures 10, 12, and 13) , the PNS path in M PNS grav −s phase space is mostly a function of the compactness of the pre-SN progenitor star while the BH formation time is a function of the EOS. erefore, an observation of the compactness, for example, via neutrinos (Horiuchi et al. 2017) , from a failed galactic supernova could then be used to impose strong constraints both on the structure of the innermost regions of the progenitor star as well as the temperature dependence of the EOS, even more so if coupled to GW detections. e nal BH mass, on the other hand, may not be achieved for years a er the core col-lapse and will be function of more than just the compactness of the progenitor since the total ejected and accreted masses depend on the total energy transferred by neutrinos to the shock and the structure of the progenitor star.
We emphasize that all of our simulations were performed considering non-rotating spherically symmetric stars and that CCSNe are fundamentally multidimensional systems. E ects due to rotation and convection, both of which are expected to increase the maximum PNS mass before its collapse into a BH (Cook et al. 1994; Morrison et al. 2004; Sekiguchi & Shibata 2005; O'Connor & O 2011; Pan et al. 2018; Obergaulinger & Aloy 2019; Walk et al. 2019; Nagakura et al. 2019) , should be addressed in the future. In extreme cases rotation may lead to a signi cant increase in the supported gravitational mass for cold NSs (Espino & Paschalidis 2019; Szkudlarek et al. 2019) . Even though extreme rotation rates may be rare in stellar collapse, a picture favored by binary BH merger detections (Abbo et al. 2019a ) and stellar evolution scenarios (Belczynski et al. 2019; Fuller & Ma 2019) , its e ects are not uniform across EOSs (O'Connor & O 2011; Richers et al. 2017) .
us, an extra axis to the M PNS grav −s diagram has to be added to address its impact on PNS evolution. Finally, although the consequences of convection within the PNS may not be as extreme as that of rotation, it still could be the decisive factor between a successful or a failed CCSN in some cases (Pan et al. 2018; Nagakura et al. 2019 ) and shi the M max grav (s) relations computed for each EOS and/or progenitor.
